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Abstract 
KBnig, J.-C. and D. Sotteau, Symmetric routings of the hypercube, Discrete Mathematics 121 (1993) 
123-134. 
In this paper we prove that, for any n and k such that (k- l)C: is even, there exists a set of shortest 
paths between all the pairs of vertices at distance k of an n-cube such that each vertex is on the same 
number of paths. We conjecture that there also exists such a set of paths where each edge is on the 
same number of paths, and we prove it for k odd or k = 2 or 4. If (k - 1) Ci is odd, we prove that the 
numbers of paths going through all vertices (edges) differ of at most by one (two). We then give the 
same kind of results for paths between all pairs of vertices. 
1. Introduction and notation 
A routing R of a network of order N is a set of N(N - 1) paths between all 
ordered pairs of vertices. A partial routing will be a subset of this set. R(x, y) will be 
a path of R from x to y and will be denoted by the sequence of its vertices: 
R(x,y)=x,xl,xz, . . . . xk_l,y. Given a routing, the load of an edge (vertex) of the 
network is the number of paths of the routing going through this edge (vertex). If all 
the paths R(x, y) of R are shortest paths from x to y, we say that we have a routing of 
shortest paths. A routing is called symmetric if, for every ordered pair (x, y) of vertices, 
the path R(x, y) contains the same edges as the path R(y,x). 
The n-cube Q. has for vertices all binary n-uples (V(Q”) = {x1, x2, . . . , X, 1 Xi = 0 or l}), 
two of them being joined if they differ in exactly one coordinate. 
It was proved in [l, 31 that there exists in the n-cube a routing of shortest paths 
which induces the same load 2” on each edge and n2”- ’ -2”+ 1 on each vertex. 
However, it was also proved that such a routing cannot be symmetric [3]. 
In the following, we consider partial symmetric routing of shortest paths between 
all ordered pairs of vertices at a given distance k of the n-cube Qn. We are interested in 
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knowing whether there exist such partial routings which induce the same load either 
on all vertices (such a routing is called balanced) or on all edges (such a routing is 
called edge-balanced). Clearly, from above, such routings cannot exist for all values of 
k <n. In Section 2 we give necessary conditions on k for the existence of such routings. 
Then we are interested to determine whether these necessary conditions are sufficient. 
In case the necessary conditions are not satisfied, we give a symmetric routing such 
that the load of any two edges (vertices) differ by at most 2 (l), which is the best that 
can be done. In Section 3 we study the case k=n, in Section 4 the case k odd and in 
Section 5 the case k even. Finally, we construct a symmetric routing between all 
ordered pairs of vertices of Q. such that the loads of all vertices (edges) differ by at 
most one (two). Clearly, this result is the best possible. 
In the following, since we always consider symmetric routings, we will not repeat it 
(all our routings will be symmetric, i.e. R(x, y) =(R(y, x)) and we will only consider the 
paths between pairs of vertices (without counting them twice). We will denote by 
Rn,k a routing of shortest paths between all pairs of vertices at distance k in Q,,, which 
are all pairs of vertices which differ on exactly k coordinates. 
Given two vertices x and y at distance k in Qn, if they have the same first coordinate 
equal to 1, (0 or l), it is possible to define a path of length k between these two vertices 
x = Xi and y = Ly in the subcube Qn_ 1 defined by fixing the first coordinate equal to 3,. 
In thiscase, ifRn,k(~,y)=~br~bl,~S2, . . . ,&-~,JY, wedenote Rn,k(~,y)=~R,_l,L(S,~) 
where R,_I,k(o,~)=6,b1,&r . . . , c$_~, y is a path of length k in Qn_r. 
If x and y have different first coordinates x = 16 and y=I& then if 
R,Jx, y) = Ai, 36, %, , . . . ,zbk_Zrx+y, we denote Rn,k(~,y)=~~,~R,_l,k~1(6,y), where 
R,-l,k-l(~,~)=6,61,...,6k-2,~. 
The same notations can be extended easily if x and y have more than one first 
coordinate known. 
In the following, although we will not always repeat it, /z will always stand for 0 or 1. 
An edge between two vertices x and y will be denoted by {x, y}. For any n, if 
x=x1 x2 “‘X,, X will be used to denote X1 Xz ... X,, where Xi= 1 -xi. 
2. A necesssary condition 
Lemma 2.1. If there exists a routing of shortest paths between all pairs of vertices at 
distance k of an n-cube which induces the same load on each vertex then this load is equal 
to (k - l)C,k/2 and necessarily (k - l)C,k = 0 (mod 2). 
Lemma 2.2. Zf there exists a routing of shortest paths between all pairs of vertices at 
distance k of an n-cube which induces the same load on each edge then 
(i) this load is C,“Ii, 
(ii) (k - 1) C,” = 0 (mod 2). 
(iii) this routing induces also the same loud (k- l)C,k/Z on each vertex. 
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Proof of Lemmas 2.1 and 2.2. Every vertex of the n-cube Qn has exactly C,” vertices at 
distance k from it.. Thus, the load induced on the edges (vertices) of Qn by all paths of 
any R, k with one end in a given vertex is kC,k ((k - l)C,k). The total load of the edges 
(vertices) induced by all paths of Rn,k is therefore 2”-i kC,k (2”- ‘(k - l)C,k). So, if 
R n, k induces the same load on each edge (vertex), this load is equal to 
C,“Zj ((k- l)C,k/2) since the n-cube has n2”-’ edges (2” vertices). This proves 
Lemma 2.1 and (i) of Lemma 2.2. 
Now, if S is the total load of the edges incident to a given vertex x, S= nC,kI: . 
We can also consider S as the sum of the load induced by the paths of R, k with one 
end in x and of the load induced by the a(x) paths of Rn.k going through k, which is 
necessarily a multiple of 2. 
Therefore, we have nC,kI: = C,” + 2a(x) (urn), which gives 2a(x) = nC,kI: - C,” = 
(k - l)C,k for every vertex x. So, we must have (k - l)C,k even and a(x) is the same for 
any x. 0 
Note that if a routing Rn,k induces the same load on each edge then it induces 
a given load on each vertex. The converse is not necessarily true. The following 
routing R3,3 of Q3 induces a load 1 on each vertex, but not the same load on each 
edge: 
. R,,,(000,111)=000,010,011,111; 
. R3,3(001,110)=O01, 101,100,110; 
. R,,,(OlO, 101)=010,000,001,101; 
. R,,,(011,100)=011,111,110,100. 
3. Case k=n 
Although the followoing result already appears as a particular case of a more 
general statement in [4], we give here an easy direct proof of it. 
Proposition 3.1. For any odd n there exists a routing R,,, between all pairs of vertices at 
distance n of Qn which induces the same load 1 on all the edges. 
Proof. The proof is by induction on n. The result is trivially true for n= 1 with 
Ri,,(O, l)=O, 1. 
Let us asume by induction that the result is true for n = 2p - 1 and let RZp_ l,zP_ 1 be 
a routing satisfying the induction hypothesis. If n=2p+ 1, let us define the routing 
R zp+1,2P+l as follows. For any (2p- l)-uple 6 with first coordinate 0. 
.R 2p+~,~p+~(O06,11~)=006,106,11Rzp-~,zp-~(6,6), 
.R ~p+l,~~+1(108,01~)=1OR2~--1.2~-1(~,~)), ll&Ol& 
.R z~+I.~~+IW~OO~)= 116,01~,00R2p-~,2p-~(~,~), 
.R 2p+1,2P+1(01S, 10~)=01R2p--1,2p-1(~,~),00~ log 
Clearly, every edge is used once. 
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For i>3, any edge {x1,x2 ...xi..exn,xlX2 . ..xi-lXixi+l . ..x.} is used once in 
~1~2R2p-1,2p-l(~3 . . . xi . . . x., ~3 . . . xi-lXixi+l . . . x,) by induction hypothesis on 
R2p- 1,2p- I. An edge {x1x24X1x26} or {x1x2S,x1X2S} is used once in 
R z~+I,z~+~ (006118 or R2p+~,~p+l (1 lS,OOg) depending upon the values of x1 and 
x2. And, similarly, any edge {x1x2&X1x2~! or {x1x2&,x1x26} is used once in 
R 2p+ 1.2p+ I(lO&O1@ or RZp+ 1,2p+ 1 108). 0 
For example, in the case n = 3, the above construction gives the following routing 
R3,3, which induces a load equal to 1 on each edge of Q3: 
. R3,3(000,111)=OO0, 100,110,111; 
. R,,,(100,011)=100,101,111,011; 
. R,~,(110,001)=110,010,000,001; 
. R3,,(010, 101)=010,011,001,101. 
Using Lemma 2.2, we get immediately the following. 
Corollary 3.2. For any odd n there exists a routing R,,, between all pairs of vertices at 
distance n of Q,, which induces the same load (n- 1)/2 on all vertices. 
If n is even, the necessary condition for a routing R,,, to induce the same load on all 
edges or vertices is not verified. In this case we can prove the following proposition. 
Proposition 3.3. For any even n there exists a routing R,,. between all pairs of vertices at 
distance n of Q, which induces a load 0,l or 2 on each edge and a load n/2 or n/2- 1 on 
each vertex. 
Moreover, there exists such a routing where the graph induced by the vertices with 
load n/2 or n/2 - 1 is isomorphic to Q, _ 1. 
Proof. Using Proposition 3.1 and Corollary 3.2, there exists a routing R,_ l,n- 1 which 
induces the load 1 on all the edges of Q.-r and n/2 - 1 on all the vertices. We define 
R,,, as follows. For any (n- 1)-uple 6, with first coordinate 0, 
. R,,,(06, la)=Os,lR,_,,,_,(6,~), 
. R,,,(16,0~)=16,0R,_1,,_1(6,~). 
Clearly, in Qn the edges between vertices with the same first coordinate 1 are used once 
each in AR,, _ 1 ,” _ 1 (6,8). For any (n - 2)-uple u, the edges {LOU, IOU} are used twice and 
the edges {Alu, xlulu) never. For any 2 =0 or 1, vertices ;1Ou have a load n/2 and vertices 
Alu have a load n/2- 1. So the graph induced by vertices with load n/2 is the subcube 
Qn_r defined by fixing the second coordinate equal to 0. 0 
4. Case k odd 
Proposition 4.1. For any n and any odd k, kdn there exists a routing R,,t between all 
pairs of vertices at distance k of Q,, which induces the same load C,“I: on all the edges 
and, therefore, the same load (k- l)C,k/2 on all the vertices. 
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Proof. For any given odd k the proof uses Proposition 3.1. 
Case 1: k= 1. The result is trivially true for all n. 
Case 2: k=3. By proposition 3.1, the result is true for n=3. 
Let n > 3. For any vertex x=x1 x2 . . . X, of Q., with xi =O for 1, let (Pijk(x) = XiXjxk be 
the projection of x into the cube defined by fixing the n-3 coordinates other than 
i,j, k. Let us define a routing Rn,3 between vertices at distance 3 of Q. as follows: for 
any x and y which differ on three coordinates i, j, k, we use the routing R3,3 previously 
defined on the cube to extend it as follows. If in the cube Rs,s((Pijk(X), qijk(y))= XiXjXk, 
UiUjtJk, viujuk, efiXj%k then Rn,3(~, y) is obtained by changing in x the three coordinates 
i, j, k SUCCeSSiVdJJ aS h R3,3((Pijk(X), pijk(y)). 
Example. In Qs the vertices x =OOlOlO and y = 010011 differ in coordinates 2,3,6 and 
(P~~~(x)=O~O, (p2s6(y)=101. In the subcube defining the fixing coordinates 1, 4, 5, 
(x1 =O,xq=O,xs = l), R3,3(~236(~), cp2s6(y))=(O10,011,001, 101). So, in Q6 we define 
R6,3(~,y)=(O01010, 001011, 000011, 010011). 
The routing R,,3 induces the same load on each edge of Q.. Indeed, each edge of Q,, 
belongs to C,‘_, subcubes Qs and has a load equal to 1 induced by R3,3 in each of 
these subcubes. Thus, Rn,3 induces a load of (n - l)(n - 2)/2 on each edge. 
Case 3: k=2p+ 1. By Proposition 3.1, the result is true for n= k. 
Let n > k. The proof is the same as the one given in case 2 for k = 3. A path between 
any two vertices x and y at distance k in Q. is defined by extending the path of 
a proper routing Rk,k between vertices at distance k in the subcube Qk defined by fixing 
the coordinates other than the ones (iI, iz, . . . , ik) on which x and y differ (where 
Rk,k Verifies PrOpOSitiOn 3.1). 
The result for the vertices is then deduced immediately using Lemma 2.2. 0 
Note that case 2 was useless ince it is a particular case of 3 for k = 3. We presented it
in details for sake of clarity and to avoid giving a lengthy proof for any k in case 3. 
5. Case k even 
In the case k even, in view of the necessary conditions of the lemma, a routing of 
shortest paths between all pairs of vertices at distance k of an n-cube which induces the 
same load on each vertex or on each edge can exist only if C,” is even. 
A result in number theory [2, p. 651 states the following result. 
Lemma 5.1. C,” is even if and only if, when writing the binary representation of n under 
the one of k with digits of lower weight in the same column, the conjiguration (1) appears 
at least once. 
Let us introduce the following constructin of a routing R,,k which will be used 
latter. 
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Construction 5.2. Let Gn,k =( V, E) be a graph having the same vertices as Qn in which 
two vertices x and y are joined if they are at distance k in Qn. The graph Gn,k is 
C,k-regular and can be oriented such that 
(1) if C,” is even, for any vertex x, d + (x) = d - (x) = C,k/2 (we orient an eluerian cycle), 
(2) if C,” is odd, 
. vx=oxz . . . X”, d+(x)=d-(x)+1= 
C,” 
. Vx=lx,...x,,d+(x)=d-(x)-l= 2 . 
i 1 
Indeed, in Gn,k there exists a perfect matching E0 joining any vertex 
x=0x 2 . ..xkxk+r . . . x, to the vertex y= 1X2 . . . &xk+ i . . . x,. We orient these edges 
from x to y. All the vertices of H = (V, E - E,) have even degree C,” - 1. An orientation 
of the edges of E - E0 is given by an orientation of an eulerian cycle of H. Such an 
orientation of Gn,k will be denoted Gzk. 
Given a routing R,_ l,k and a routing R,_ l,k_ 1 of Q._ i we can construct a routing 
R,,, of Q, as follows. Let us construct the oriented graph G,*_ i,k_ I on the vertices of 
the subcube Q,,_ 1 obtained by fixing the first coordinate equal to 0. 
For any two vertices with the same first coordinate equal to A, at distance k in Q,, 
We take Rn,k(~G,~y)=~R,_l,k(6, y). 
For any two vertices Xj, xy at distance k in Q,, if there exists an arc from 6 to y in 
G,,_l,k_l then we take R,,JA6,~y)=A6, ,iRn_l,k_l (6,~) and if there exists an arc from 
y t0 6 We take R,,k(~6,~~)=~R,_,,k_,(6,y),~~. 
5.1. Vertices 
Theorem 5.3. Let k be even and k<n. 
If C,” is even, there exists a routing RnSk, between all pairs of vertices at distance k of 
Q,,, which induces the same loud (k - l)C,k/2 on all vertices. 
If C,” is odd, there exists a routing Rn,k between all pairs of vertices at distance k of Q,,. 
which induces a load L(k- l)C,k/2J on half of the vertices of Qn (inducing a Qnml) and 
a load [(k- l)C,k/21 the other half of vertices (inducing also a Qn_ 1). 
Proof. The proof is by induction on n. The result is true for n = k by Proposition 3.3. 
Let us assume the result to be true for n- 1 (k <n- 1). 
We define a routing R,,, as in Construction 5.2. 
Clearly, the paths betwen vertices at distance k in Q. with the same first coordinate 
I induce the same load as the routing Rn-l,k on the vertices of the subcube 
Qn_i defined by fixing the first coordinate at A. 
For any two (n - 1)-uples 6 and y, if there exists an arc in G,*_ i,k- 1 from 6 to y, the 
paths R,,,(06, ly) and R,,,(Oy, 16) induce a load 1 on vertices O&16 and on all the 
internal vertices f of the paths OR,- l,k_ 1 (6,~) and 1 R,_ l,k- 1 (y, 6). 
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Therefore, the load induced by Rn,k on any vertex Xi of Q. is equal to the sum of 
(1) the load of 6 in Rn_l,k, 
(2) the load of 6 in Rn_l,k_l, and 
(3) the outdegree of 6 in G,*_l,k_l. 
The routing R,_ I,k- 1 can be chosen to be balanced from Proposition 4.1 and induces 
a load (k -2)C,k1,‘/2 on all vertices. 
By induction hypothesis, the routing R,_ l,k can be chosen with the properties 
described by the theorem. In case the routing is not balanced, we can choose for the 
vertices with first coordinate 1 in Q,, _ i to have the load [(k - l)C,k_ i /21 (thus, in Q, 
the load induced by R,_ l,k on vertices 206 is one less than the one on vertices 216). 
In G,*_ I,k_ 1, the outdegree of any vertex 6 is C,k:f/2 if C,“:,’ is even. If C,k:j is odd, 
the outdegree of vertices 6 = Ou is YC,“:, 121 and the outdegree of vertices 6 = lu is 
L c,k1:/2 1. 
We have several cases: 
. C,” is even 
- If C&i is even, then C,“:: is even (since C,“=C,“:j +C,k_i). 
In this case the routing Rn,k is clearly balanced. The load of a vertex x is equal to 
(k-l)Cf_,+(k-2)C;Z; I C,“1; 
2 2 2 
=;(k-l)(C:_,+C:::)=;(k-1)C:. 
- If C,“_ i is odd, then C,“1: is odd. The load of a vertex A06 is equal to 
and the load of a vertex 216 is equal to 
So, again, Rn,k is balanced. 
. C,” is odd 
- If C,“_ 1 is even, then Ci1,l is odd. The load of a vertex 10x is equal to 
(k-l)C;_,+(k-2)C:Z: I C,“:: 
2 2 i 1 2 =;(k-l)C;+;= $(k--1)C.i I 1 
and the load of a vertex Ilx is equal to L& (k- l)C,“J. 
- If C,“_ 1 is odd, then C,“:: is even. The load of a vertex AOx is equal to 
and, similarly, the load of a vertex Ilx is equal to rf (k - 1) C,kl. 0 
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5.2. Edges 
Theorem 5.4. Let k be even and n >, k. There exists a routing Rn,k, between all pairs of 
vertices at distance k of Q, which induces a load C,kI: + e on all edges (where e = - 1,O 
or 1). 
Proof. The proof is by induction on n. The result is true for n = k by Proposition 3.3. 
Let us assume the result to be true for n - 1 and k < n - 1. 
We define a routing Rn,k as in Construction 5.2. 
The routing R,_ l,k- 1 used to define Rn,k can be chosen to be edge-balanced from 
Proposition 4.1, since k- 1 is odd. 
We take a routing R,_ l,k having the properties described by the theorem, which is 
possible by induction hypothesis. 
If in G,*_ l,k_ 1 there exists an arc from 6 to y, the two paths Rn,k(A5, 1~) induce a load 
of2ontheedge(06,16}andlonalltheedgesofOR,_,,~_,(6,y)andlR,_~,~_,(y,6). 
The load induced by R,l, on any edge (A6,;iy) is equal to the sum S of the load 
induced by R, _ , ,t _ 1 and R,_ 1 ,L on the edge (6, y} in Q, _ 1 : 
The load induced by Rn,k on any edge (06, IS} is equal to twice the outdegree of 6 in 
G,*_l,k-l, which is either 2*[C,k1,‘/21 or 2*LCi:r/21. q 
This result of Theorem 5.4 holds best for k even if C,” is odd. However, in the case 
C,” even we think that the following is true. 
Conjecture 5.5. For any n and k such that (k - l)C,k is even, there exists a routing 
Rn,k between all pairs of vertices at distance k of Qn which induces the same load 
C,“Z: on all the edges. 
The conjecture has been proved for k odd in Section 4. We now prove it for the 
particular case of k = 2. We can also prove it for k = 4 by induction on n provided it is 
true for n = 8 (proof omitted). 
Proof of the conjecture in the case k = 2. From Lemma 5.1 we know that C,Z is even if 
and only if n z 0 or 1 (mod 4). If n = 4, let us choose the routing R4,2 as follows. 
For any vertex i of Q4, a pair (x, y) of vertices at distance 2 in Q4 is in a set Pi if and 
only if Rq, z(x, y) = x, i, y: 
P,,,,=((0001,0100);(0001,1000);(0010, lOOO)), 
P ~~~~={(0000,0011);(0011,1001);(0101, lOOl)}, 
PO,,,={(OOOO,O1lO);(OOOO, 1010);(0011,0110)}, 
Pooll=((oOol,oolo);(oolo,olll);(olll,loll)}, 
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1 lo)}, 
W}, 
loo)}, 
101)}, 
01 l,>, 
ill)), 
1 lo)), 
131 
P iioi={(olol,lloo);(lool,lloo);(llOO,llll)}, 
P,,,,=((OllO, 1010);(0110,1100);(1010, llll)}, 
Pllll ={(Olll, 1101);(1011,1110);(1101,1110)}. 
Clearly, the load of any vertex i, which is [Pi], is equal to 3. It is also easy to verify that 
the load of any edge {u, u} is equal to 3. Indeed, it is equal to the number of times the 
vertex u appears in P, plus the number of times the vertex u appears in P, (for example, 
the load of (0011, loll} is 3: 0011 appears once in PIoIl and 1011 appears twice as 
P 0011. 
Proposition 5.6. For any n E 0 or 1 (mod 4), n 24, there exists a routing R,,z between all 
pairs of vertices at distance 2 in Q,, which induces the same load n - 1 on all the edges and, 
therefore, the same load n(n- 1)/4 on all the vertices. 
Proof. The result is true for n = 4, as shown in the example above. We will now prove 
that for every p, if the proposition is true for n=4p then it is true for n =4p+ 1 and 
n=4p+4. 
(a) From n=4p to n=4p+ 1. 
We define a routing R4*+ 1 ,2 as in Construction 5.2, and the proof is the same as the 
proof of the Theorem 5.4. 
The load induced by R+,+ l,z on any edge {U, Jy> is euqal to the sum of the load 
induced on the edge (6, y} by Rap, 1 which is 1, and by RdpVZ, which is 4p - 1 by 
induction hypothesis. 
The load induced by R4p+1,2 on any edge (06, IS} is twice the outdegree of 6 in 
G&i, which is 4p for any 6. 
(b) From n=4p to n=4p+4. 
Q 4,,+4 can be viewed as a 4-cube B in which each vertex ai is replaced by a 4p-cube 
Ai and each edge aiaj, is replaced by a perfect matching between the corresponding 
vertices of Ai and Aj. A routing R4p+4,2 between vertices at distance 2 in Q4p + 4 can 
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be defined as follows: 
- Between two vertices at distance 2 in a 4p-cube Ai, take a balanced routing 
R 4P,2 in Ai, inducing a load of 4p - 1 on each edge of Ai (exists by induction hypothesis). 
- Between corresponding vertices of Ai and Aj where ai and aj are at distance 2 in 
B, take the path of a balanced routing R 4,2 of the 4-cube which induces a load of 3 on 
each edge of the 4-cube. These paths induce a load of 3 on all edges between any two 
4p-cubes Ai. 
- Between vertices at distance 2 in the (4~ +4)-cube, being in Ai and Aj such that ai 
and aj are adjacent in B, take the appropriate paths of the routing R++ 1,2 defined in 
(a). These paths induce a load of 1 on all the edges of Ai or Aj and a load of 4p on edges 
between Ai and A,. As each ai in B has four neighbors, all these last paths induce on all 
edges of each 4p-cube Ai a load of 4 and on all edges between any two 4p-cubes Ai and 
Aj a load of 4~. 
The routing R4p+4,2 thus defined induces on each edge of Q4p+4 the same load 
4p+3. 0 
6. Global routing 
Theorem 6.1. For any n there exists a routing R, of n (n - 1)/2 paths between all pairs of 
vertices of Q, which induces a load n2”-2- 2”-’ + e on all vertices (where e=O or 1). 
Proof. Let X be the set of even integers k, with k < n and C,” odd. It is easy to see that 
1x1 is odd. We partition X between two subsets X1 and X2 such that JX, I= IX2 I+ 1. 
For any k and any two vertices x and y at distance k in Q,, we define R,(x, y) as 
follows. 
. Case (k - 1) C,” even. 
R,(x, y) = RJx, y), where Rn,k is balanced (Proposition 4.1 and Theorem 5.3). 
. Case kEX,. 
R,(x, y) = Rn,Jx, y) where Rn,k induces a load L(k - l)C,k/2] on all vertices Ox and 
a load [(k - l)C,k/21 on all vertices lx (possible by Theorem 5.3). 
. Case kEX,. 
R,(x, y) = Rn,Jx, y), where R,,I, induces a load L(k - l)C,k/2] on all vertices lx and 
a load [(k- l)C,k/21 on all vertices Ox. 
The routing obtained clearly induces a load 1(Cknzl(k-1)C,k+IX1(-IX2() on 
vertices lx $(‘&‘=,(k-1)C,k+IX21-IX11) on vertices Ox. Cl 
Theorem 6.2. For any n there exists a routing R, between all pairs qf vertices of Q. 
which induces a load 2”-’ + e on all edges, where e = - 1, or 0 or 1 (among which the 
paths of odd length induce the same load Ckodd C,“I,’ ). 
Proof. We prove the result by induction on n. The result is true for n = 3. Indeed, we 
have seen that there exists a routing R3,1 and a routing R3,3 each of which induces 
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a load of 1 on each edge of Q3. And from Theorem 5.4 there exists a routing 
R3,2 which induces a load of 2+e on each edge. 
Let us assume that the result is true for IZ- 1, n 34. 
Let G,_ 1 be the graph having the same vertices as Qn _ 1 in which two vertices x and 
y are joined if they are at odd distance in Qn_ 1. The graph G,_ 1 is regular of degree 
c koddC”k-l. Let G,*_, b e an orientation of G,_ 1 such that for any vertex x we have 
Id+(x)-d-(x)( d 1. Clearly, the outdegree of any vertex is either LCkoddC,!_i/2j or 
r ~dz-~/2 1. 
For any k and any two vertices x and y at distance k in Q. we define R,(x, y) as 
follows. 
. Case k odd. 
R,(x, Y) = K,kk Y), where b. is edge-balanced (Proposition 4.1). These paths 
between vertices at odd distance induce a load C,,,,C,“:, on each edge of Qn. 
. Case k even. 
- x=16 and y=ay. 
R,(x, y) = AR, _ 1 (6, y), where R,_ 1 verifies the result by 
these paths induce a load 2”-’ + e -C kodd C,“:: on edges 
same first coordinate. 
- x=/26 and y=,iy. 
induction hypothesis. so, 
between vertices with the 
If there exists an arc from 6 to y in G,*_ 1, we take R,(x,y)=U, xR,_ I,k_ ,(6,y), where 
R,_ l,k- 1 is edge-balanced. Similarly, if there exists an arc from y to 6 in G,*_ r, we take 
R,(x,~)=~R,-~,~_~(S,Y),;~~. These paths induce a load Ck_iO,,C,“l,’ on edges of Qn 
between vertices with the same first coordinate. And they induce a load 
(C kodd C,“_ i) + e on the edges between vertices with different first coordinates (where 
e is 0 if Ckodd C,“_ 1 is even, and + 1 or - 1 otherwise). 
Thus the load induced on edges {&?,Ay} is 
1 C,kTj+2"-2+e- 1 C,"Ii+ C C,kI;=2"-1+e 
kodd kodd k even 
and the load induced on edges {AS, 16) is 
k$dC:S:+ 1 C,k-1+e=2"-'. 0 
kodd 
Note that it is also possible to prove that this routing induces a load 
n2”-2-2”-’ + 1 on the vertices of a subcube Qn- i and n2”-Z - 2”-’ on the other half 
of the vertices (provided we put it in the induction hypothesis). 
7. Conclusion 
We have shown that, for any k, the necessary condition C,” even, given in Section 2, 
is always sufficient to have a balanced routing R,,k between vertices at distance k in 
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the n-cube Q.. We conjecture that this condition is also sufficient to have an 
edge-balanced routing Rn,k. We proved this conjecture in the case k odd (Section 4) 
and for k = 2 (Section 5) or k = 4 (internal report). 
In case the necessary condition to have a balanced or an edge-balanced routing 
R,,, is not satisfied, we have constructed in all cases a routing such that the loads of all 
vertices differ by at most one, or a routing such that the loads of all edges differ by at 
most two, which is the best that can be done. 
Finally, we proved that there always exists a routing R, between all pairs of vertices 
where the loads induced on all vertices differ by at most one and the loads induced on 
all edges differ by at most two, which is the best possible, as stated in the introduction. 
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